
Qualifying Exam, Fall 2020 
Mathematics  

* This is a closed-book test (with a cheat sheet provided), and no calculator is allowed. 
* Work THREE out of the four problems, and clarify which three you want graded. 
 
   I want problems #____________, #___________, and #____________ to be graded. 

 
Problem 1. Write down the Fourier series of 𝑓ሺ𝑡ሻ depicted below up to the first three leading 
harmonic terms, and find the particular solution of the following 2nd-order ordinary differential 
equation due to resonance  

𝑥′′ ൅ 𝑥′ ൅ 16𝜋ଶ𝑥 ൌ 𝑓ሺ𝑡ሻ 
where the prime denotes differentiation with respect to 𝑡.  
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Problem 2. Utilizing the divergence theorem of Gauss, evaluate the surface integral ∬ 𝑭 ∙ 𝒏𝑑𝐴ௌ  

where 𝑭 ൌ 4𝑥𝑦ଶ 𝒊 ൅ 4𝑥ଶ𝑦𝒋 ൅ 𝑧ଶ𝒌 and the surface S consists of a cylindrical surface and the two 
disks of radius 2 at 𝑧 ൌ 0 and 𝑧 ൌ 2. 
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Problem 3. The method of variation of parameters is utilized to find the particular solution of a 
2nd-order linear ordinary differential equation 𝑦ᇱᇱ ൅ 𝑝ሺ𝑥ሻ𝑦ᇱ ൅ 𝑞ሺ𝑥ሻ𝑦 ൌ 𝑟ሺ𝑥ሻ by writing down the 
particular solution 𝑦௣ሺ𝑥ሻ ൌ 𝑢ሺ𝑥ሻ𝑦ଵሺ𝑥ሻ ൅ 𝑣ሺ𝑥ሻ𝑦ଶሺ𝑥ሻ where 𝑦ଵሺ𝑥ሻ and 𝑦ଶሺ𝑥ሻ are the two linearly 

independent homogeneous solutions.  
(1) When 𝑦′௣ሺ𝑥ሻ ൌ 𝑢ሺ𝑥ሻ𝑦′ଵሺ𝑥ሻ ൅ 𝑣ሺ𝑥ሻ𝑦′ଶሺ𝑥ሻ, show that the variable coefficients 𝑢ሺ𝑥ሻ and 𝑣ሺ𝑥ሻ 

can be obtained as 𝑢ሺ𝑥ሻ ൌ െ ׬
௬మሺ௫ሻ ௥ሺ௫ሻ

ௐሺ௬భ,௬మሻ
𝑑𝑥 and 𝑣ሺ𝑥ሻ ൌ ׬

௬భሺ௫ሻ ௥ሺ௫ሻ

ௐሺ௬భ,௬మሻ
𝑑𝑥 where 𝑊ሺ𝑦ଵ, 𝑦ଶሻ is the 

Wronskian of 𝑦ଵሺ𝑥ሻ and 𝑦ଶሺ𝑥ሻ.  
(2) Then, find the solution of an Euler-Cauchy equation 𝑥ଶ𝑦ᇱᇱ െ 𝑥𝑦ᇱ െ 3𝑦 ൌ 4𝑥, 𝑦ሺെ1ሻ ൌ

െ2, 𝑦ᇱሺെ1ሻ ൌ 0 whose homogeneous solution can be expressed as 𝑦௛ሺ𝑥ሻ ൌ 𝑐ଵ𝑥ିଵ ൅ 𝑐ଶ𝑥ଷ 
where 𝑐ଵ and 𝑐ଶ are arbitrary constants that can be determined by the initial conditions. 

 
  



Problem 4. By utilizing Laplace transforms and letting 𝑊ሺ𝑥, 𝑠ሻ ൌ 𝐿ሾ𝑤ሺ𝑥, 𝑡ሻሿ , solve the 
following 1D wave equation,  𝑤௧௧ ൌ 𝑤௫௫, with 𝑤ሺ𝑥, 0ሻ ൌ 2 sin 𝜋𝑥 and 𝑤௧ሺ𝑥, 0ሻ ൌ 0, 𝑤ሺ0, 𝑡ሻ ൌ
sin 𝜋𝑡 and lim

௫→ஶ
𝑤ሺ𝑥, 𝑡ሻ ൏ ∞. Show that the obtained solution can be expressed in the form of 

𝑤ሺ𝑥, 𝑡ሻ ൌ 𝜙ሺ𝑥 ൅ 𝑡ሻ ൅ 𝜓ሺ𝑥 െ 𝑡ሻ, that is, as D’Alembert’s wave solution. 
 

  



Cheat Sheet 

 

 General solution of the 1st-order ODE, 𝑦ᇱ ൅ 𝑝ሺ𝑥ሻ 𝑦 ൌ 𝑟ሺ𝑥ሻ is written as  
𝑦ሺ𝑥ሻ ൌ 𝑒ି௛ሺ௫ሻൣ׬ 𝑒௛ሺ௫ሻ𝑟ሺ𝑥ሻ𝑑𝑥 ൅ 𝐶൧ where ℎሺ𝑥ሻ ൌ ׬ 𝑝ሺ𝑥ሻ𝑑𝑥 . 
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